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Supplement  to 


Report  AM-76-2 

"On  Thermodynamics  and  the  Nature  of  the  Second  Law; 
I.  Single  Phase  Continua" 


Abstract.  The  contents  of  this  report  supplement  those  of  a previous  report, 
namely  Report  No.  M-76-2,  entitled  "On  thermodynamics  and  the  nat'ire  of  the 
second  law:  I.  Single  phase  continua."  In  particular,  the  present  supplement 
contains  some  additional  development  concerning  the  mathematical  statement  of 
the  second  law  and  restrictions  on  the  heat  conduction  vector  and  internal 
energy,  as  well  as  two  examples  which  demonstrate  some  shortcomings  of  the 
Claus ius-Duhem  inequality.  One  of  the  examples, when  studied  with  the  use  of 
the  Clausius -Duhem  inequality,  leads  to  results  that  imply  the  possibility  of 
a perpetual  motion  of  the  second  kind.  In  the  second  example,  which  is  con- 
cerned with  a rigid  heat  conductor  in  thermal  equilibrium,  the  Claus ius-I>uhem 
inequality  requires  that  if  heat  is  added  to  the  medium  the  resulting  spatially 
homogeneous  temperature  of  the  conductor  decreases . Moreover,  the  inequality 
denies  the  possibility  of  propagation  of  heat  in  the  conductor  as  a thermal 
wave  with  finite  speed.  The  inequalities  proposed  here  do  not  suffer  from 
these  shortcomings. 
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1.  Foreword 


The  contents  of  this  report  supplement  those  of  a previous  report,  namely 
Report  No.  AM-76-2  (April  1976),  entitled  "On  thermodynamics  and  the  nat^ire  of 
the  second  law:  I.  Single  phase  continua."  In  particular,  the  present  Supplement 
contains  (a)  some  additional  developmerit  concerning  the  mathematical  statement 
of  the  second  law  and  restrictions  on  the  heat  conduction  vector  and  internal 
energy,  (b)  two  specific  examples  which  demonstrate  some  shortcomings  of 
the  Claus ius-Duhem  inequality  and  (c)  a derivation  of  jump  conditions  across  a 
surface  of  discontinuity  from  the  balance  of  entropy. 

In  order  to  make  this  Supplementary  Report  reasonably  self-contained,  in 
the  next  two  sections  we  collect  the  basic  equations  which  result  from  the  con- 
servation laws  and  also  provide  some  general  background  material  from  9§2,3  of 
the  previous  report  (Green  and  Naghdi  1976).  In  the  present  §4,  we  discuss  a 
revised  version  of  the  previous  development  concerning  the  second  law  in  a way 
which  considerably  enhances  the  thrust  of  the  main  ideas  presented  in  ^4  cf 
Green  and  Naghdi  (1976).  Also,  in  the  present  §5,  we  recall  the  previous  restric- 
tion on  Lhe  heat  conduction  vector  (see  §5  of  Green  and  Naghdi  1976)  and  then 
introduce  here  a fiurther  restriction  on  the  internal  energy.  Next,  in  96  we 
discuss  some  aspects  of  the  Claus ius-Duhem  inequality  and  by  means  of  two 
specific  examples  examine  the  consequences  of  this  inequality  and  contrast 
these  with  the  type  of  restrictions  which  result  from  our  present  thermodynamical 
developments.  Both  examples  demonstrate  the  short co:r.ings  of  the  Clausius- 
Duhem  inequality  in  certain  dissipative  media.  In  fact,  one  of  the  examples 
when  studied  with  the  use  of  the  Claus ius-Duhem  inequality  leads  to  results 
that  im.ply  the  possibility  of  a perpetual  motion  of  the  second  k.Lnd,  ».'hile  the 

Previously  in  Report  No.  AM-76-2,  we  used  the  word  "calory"  in  place  of  "entropy" 
mainly  in  order  to  avoid  possible  confusion  with  the  latter  in  the  existing 
literature.  However,  we  now  believe  that  it  is  best  to  revert  to  the  mere 
familiar  terminology  of  entropy. 


1. 


I*  restrictions  which  emerge  from  the  inequality  proposed  here  deny  such  a perpetual 

i 

i motion.  We  close  this  Supplement  by  providing  a derivation  of  j\jmp  condition 

r, 

across  a surface  of  discontinuity  from  the  balance  of  entropy  in  §7-  While  the 
derivation  of  the  usual  jump  conditions  from  the  conservation  laws  is  straight- 
forward and  is  well  understood,  the  one  that  can  be  deduced  from  the  balance  of 
entropy  requires  special  care  and  this  is  the  main  reason  for  providing  the 
details  of  the  derivation  in  §7. 


1 

t 


2 . General  background. 


Consider  a finite  body  B with  material  points  X and  identify  the  material 
point  X with  its  position  X in  a fixed  reference  configuration.  A motion  of  the 
body  is  defined  by  a sufficiently  smooth  vector  function  X which  assigns  position 
x = X(X,t)  to  each  material  point  X at  each  instant  of  time  t.  In  the  present 
configuratJ on  at  time  t,  the  body  3 occupies  a region  of  space  R bounded  by  a 
closed  surface  SR.  Similarly,  in  the  present  configuration,  an  arbitrary 
material  volume  of  B occupies  a portion  of  the  region  of  space  R,  which  we 
denote  by  P(c  r)  bdunded  bv  a closed  surface  dp. 

Let  p=  p(X,t)  be  the  mass  density  in  the  present  configuration  and  designate 
the  velocity  vector  at  time  t by  v=x,  where  a superposed  dot  denotes  material 
time  derivative.  Further  let  b = b(X,t)  denote  the  body  force  per  unit  mass 
acting  on  ® in  the  present  configuration,  t be  the  external  surface  force  per 
unit  area  acting  on  the  boundary  SR,  and  t = t(X,t  : n)  be  the  internal  surface 
force  per  unit  area  acting  on  dP  with  n as  its  outward  unit  normal;  the  field  t, 
called  the  stress  vector,  assumes  the  value  t on  dR.  In  terms  of  the  above 
notations  and  under  suitable  continuity  assumptions,  the  usual  conservation  law’s 
for  mass,  momentum  and  moment  of  momentum  yield  the  following  local  forms: 

p + p div  V = 0 , 


div  T+pb=pv  , t = Tn 


(2.1) 


T 

T = T 


T 

where  T in  (2.1)^  is  the  stress  tensor,  T its  transpose  and  :iv  stands  for 
the  divergence  operator  with  respect  to  the  place  x keeping  t fixed. 

In  uhe  interest  of  clarity  and  for  later  reference,  we  now  repeat  in  some 
detail  from  the  previous  report  (Green  and  uaghdi  1976)  the  various  notations 
pertaining  to  the  thermal  properties  of  the  body  and  the  ■quaticns  for  const rvation 


3. 


of  entropy  and  energy.  Thus,  we  introduce  first  the  absolute  temperatxire  at 
each  material  point  by  a scalar  field  9=  9(X,t) >0.  Along  with  the  temperature, 
we  admit  the  existence  of  an  external  rate  of  supply  of  heat  r = r(X,t)  per  unit 
mass,  an  external  rate  of  surface  supply  of  heat  -h  per  unit  area  acting  across 
SR.  Also,  we  assume  the  existence  of  an  internal  siurface  flux  of  heat 
-h=-h(X,t  ; n)  per  ixnit  area  across  each  surface  Sp;  the  field  h,  called  the 
heat  flux  and  measured  per  unit  area  per  unit  time,  assumes  the  value  h on  SR. 

We  now  define  the  ratio  of  the  heat  supply  r to  temperature  as  s = s(X,t)  and 
call  this  the  external  rate  of  supply  of  entropy  per  unit  mass.  Similarly  we 
define  the  ratios  of  h and  h to  temperature,  respectively,  as  the  external  rate 
of  surface  supply  of  entropy  k per  unit  area  of  SR  and  the  internal  surface 
flux  of  entropy  k=k(X,t  ; n)  per  unit  area  of  SP.  These  definitions  may  be 
conveniently  summarized  by 

r = 0s  , h = 0k  , h = 0k  . (2.2 

In  addition,  throiighout  R we  assiame  the  existence  of  a scalar  field  T1=Tl(X,t) 
per  unit  mass,  called  the  specific  entropy,  and  an  internal  rate  of  production 
of  entropy  5=  5(X,t)  per  unit  mass.  The  contribution  of  the  latter  to  the 
internal  rate  of  production  of  heat  is  simply  9^  per  unit  mass. 

Although  the  external  rates  of  volume  supply  and  the  external  rates  of 
surface  supplies  of  entropy  and  heat  are  related  by  (2.2).  , we  could  regard 

1 5^ 

k and  h as  independent  internal  fluxes  with  no  a priori  connecting  relation 
{2.2)y  Then,  instead  of  {2.2) ^ we  would  have  k = h/0 + \ where  \ is  an 
independent  flux  subject  to  the  condition  \=C  on  SR  so  that  k = k on  SR.  For 
a wide  class  of  simple  materials  which  are  homogeneous  in  a reference  configura- 
tion, it  has  been  shown  by  Green  and  Naghdi  (1972)  that  X = 0 ever.ywhere  in  R 
follows  from  the  condition  that  \-0  on  SR.  Hence,  with  little  loss  in 
generality,  we  adopt  the  form  (2.2)^  in  the  present  paper. 
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n 
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We  now  postulate  a balance  of  entropy  for  every  material  vol'jme  occupying 
a part  P in  the  present  configvirotion  and  write 


r p T]  dv  = 1 p(s  t 5)dv  - j k da  . 

'^P  ‘'p  •'dP 

By  usual  procedures,  it  can  be  shown  from  (2.3)  that  k is  linear  in  n,  i.e. 


(2.3) 


k = p • n , 


(2.4) 


where  p is  called  the  entropy  flux  vector.  Then,  from  (2.2)^  and  (2.4), 
h = 6p  • n and  we  may  define  the  heat  flux  vector  q by 


q = 9P  . 


(2.5) 


Under  suitable  continuity  assumptions  and  with  the  use  of  (2.4),  the  field 
equation  resixlting  from  (2.3)  is 


pTl  = p(s  + I'j  - div  p 


(2.6) 


At  this  point  we  introduce  the  first  law  of  thermodynamics,  known  also  as 
the  balance  of  energy,  which  states  that  heat  and  mechanical  energy  are  equiva- 
lent and  that  together  they  are  conserved  for  every  material  vol^ame.  Thus,  with 
reference  to  the  present  configuration,  the  balance  of  energy  may  be  stated  in 
the  form"'" 


It  is  worth  recalling  here  that  in  the  special  case  of  a gas  or  an  ir.viscid 
fluid  and  starting  only  with  the  energy  equation  and  appropriate  constitutive 
equations,  it  can  be  demonstrated  that  two  scalar  functions  0,T|  exist  such 
that  an  equation  of  the  form  (2.6)  holds  with  s and  k given  by  (2.2)i  ^ and 
with  P9?  = -£  • g,}  g being  the  tem.perature  gradient.  This  result  serves  in 
part  as  the  motivation  for  the  balance  equation  (,2.3)  which  is  applicable  to 
all  single  phase  continua. 

more  primitive  form  of  balance  of  energy  involves  an  internal  rate  of  r.-oduc- 
tion  of  energy.  In  order  to  deny  the  possibility  that  the  combined  thermal  and 
mechanical  energy  can  continually  be  extracted  from  the  body  in  closed  cycles  of 
deformation  and  temperature,  the  internal  rate  of  production  of  energy  is  • xpr'-ssed 
as  the  time  derivative  of  an  internal  energy  density  e.  See,  in  this  connection, 
Green  and  Naghdi  (1971a,  p.  42;  1972,  p.  356). 
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pv  • V + pe  )dv 


[ (pr  + pb  • v)dv  + r (t  • V - h)da  , 


(2.7 


where  e = e(X,t)  is  the  specific  internal  energy.  With  the  help  of  (2.1)  and 
(2.6)  and  under  appropriate  continuity  assiimptions , the  field  equation  resulting 
from  (2.7)  is 


- p(e  - efl) +T  • D-  p§0-p  • g = 0 , (2.8 

where  D is  the  rate  of  deformation  tensor,  p is  defined  by  (2.4),  g = grad  9 
and  grad  is  the  gradient  operator  with  respect  to  x keeping  t fixed.  Introducing 
the  specific  Helmholtz  free  energy  ij(=\)r(X,t)  by 

t = e - 0T]  , (2.9 

the  energy  equation  (2.8)  may  be  written  in  the  alternative  form 


- p(')r  + 119)  + T • D - p^9  - p • g = 0 


(2.K 


tion  gradient  F and  the  temp  era  t'ore  3 and  are  independent  cf  tlieir  rates  and  the 
temper  at  tire  gradient  g.  Such  an  elastic  matei’lal  will  be  regarded  as  noi.iissipative 
Ln  a sense  that  will  be  made  precise  later;  and,  in  conjunction  with  an  expression 
Cor  the  external  mechanical  work  supplied  to  any  part  9,  will  bo  used  as  a basis 
for  establishing  in  §4  an  inequality  representing  the  second  law  cf  thermodynamics 
for  dissipative  materials.  Keeping  this  backgrcund  in  mind,  we  assiujtie  that  the 
constitutive  response  functions  for  e,T>  include  also  dependence  on  the  set  of 
variables  F,0,g  and  their  higher  space  and  time  derivatives  and  refer  to  this  set 
collectively  as  b-  Further,  let  e',"/  denote  the  respective  values  of  e,”:  when  the 
variables  b are  set  equal  to  zero  in  the  response  fur.ctions.  Tlius , for  .-xample. 


i 

1 


] 


I 


and 


H = External  heat  supplied  to  a part  P of  the  body  during  the  time 
interval  t^  S t § t^ 


= f f pr  dv  - h dajdt 

4.  V J -NO 


[ p(e  - e ' )dv  ^ ^ ( PsV  ■ Pw)dv  dt 

**p  f.  •'p 


where 


i^l  H 


pw  = - p(|'  + Tl'e)  +T  • D = p[-<i  - + (T,  - Tl')9]  + P§9  + P • g , 


= e ' - 9T| ' 


(3.4) 


It  should  be  clear  that  in  situations  where  e ,T1  do  not  depend  on  the  set  of 
variables  (3.1)^,  then  e = e',  a=Tl',  t = t ^ expressions  (S.S)^ 

(3.4)  simplify  considerably. 

We  now  recall  the  main  constitutive  results  for  an  elastic  material  fnam 
33  of  the  previous  report  (Green  and  Naghdi  l^/b)  and  also  obtain  the  appropriate 
L'xpressions  for  the  external  mechanical  work  and  external  heat  supplied  to  a 
part  P.  Thus,  by  the  procedure  indicated  previously  (Green  and  Naghdi  I976), 
we  require  (2.l)j^  and  (2.10)  to  be  satisfied  identically  for  all  processes  and 
this  leads  to  the  results 


^ = ^(C^e  ; X)  , Tj  = Ti'  = 


A A A 

M , T = 0F(^  + ^)F^ 
S9  ’ ~ '~dC 


(3.5) 


P59  = - P * g 5 


(3.6) 


where  •];  is  the  Helmholtz  free  en^.-rgy  response  f-onction  and 


T 

C - F F 


is  the  Cauciiy-Grcen  measure  of  deformation.  With  the  use  of 


(2.6)  reduces  to 


or  - div  q = p0t| 
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With  the  help  of  (3.5),  (3.6)  and  (3.2)  to  (3-^),  'we  record  below  for  an 
‘•lastic  material  the  expressions  representing  (i)  work  by  body  and  surface 
forces  on  any  part  P and  (ii)  supply  of  energy  arising  from  the  rate  of  supply 
of  heat  and  the  surface  fliix  of  heat  to  p,  both  over  a finite  time  interval 
(t,  ^tSt  ): 


ll3  = j I pb  • V dv  + I t . V da]c 

•*1^  V ~ ~ ''dp  ~ ~ 


= 1 p(j  V . V + 
Jp  ~ ~ 


e ')dv  ^ 1 peil'dv  dt 

t,  ''t,  •'p 


r 1 "^2  ^^2  ^ * 

= p(-^  V • v + i ' )dv  ^ + i I pb/  0 dv  dt 


(3-9) 


Ji  = pr  dv  - r q • n da]  dt  = ^ j pST]'  dv  dt 

•'t^  ''P  •'dP  ~ ~ •'t,  ‘'p 


t,“P 


Since  e'  and  T]'  are  functions  of  9 and  C,  it  follows  from  (3.9)  that  the  work  done 
on  the  body  in  any  process  --represented  by  any  path  in  the  seven-dimensioual  space 
of  temperature  0 and  deformation  measure  C --  may  be  completely  recovered  by 
reversing  the  path  and  returning  to  the  initial  values  of  0,C  and  v.  A similar 
result  holds  for  the  heat  supplied  to  the  body.  The  external  work  supplied  to 
any  part  P of  an  elastic  body  is  given  by  (3-9)  and  we  make  use  of  this  fact 


in  §U. 


In  the  r.“xt  two  sections  we  discuss  the  second  law  of  thermodynamics,  as 


well  as  restrictions  on  the  neat  conduction  vector  and  the  internal  energy. 
Although  the  contents  of  these  two  sections  include  some  modifications  of  and 
additions  to  the  corresponding  previous  developments  (§§^,5  of  Green  and  Namhdi 
1976',  a good  deal  of  the  present  §§^,5  overlap  with  the  corresponding  nrevious 
developments  in  order  to  render  this  Supplement  reasonably  self-contained. 
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h.  The  second  law  of  themod.ynajiiics . 

In  the  first  law  it  is  ass-umed  that  mechanical  energy  can  be  changed  into 
heat  energy  and  conversely,  and  no  restriction  is  placed  on  the  transformation 
of  one  into  the  other.  It  appears  to  be  a fact  of  experience  that  whereas  the 
transformation  of  mechanical  energy  into  heat,  for  example  through  friction, 
is  not  limited  by  any  restrictions,  the  reverse  process,  namely  the  transforma- 
tion of  heat  into  mechanical  energy,  is  subject  to  definite  limitations.  This 
fact  has  been  incorporated  into  a number  of  different  statements  which  are  then 
usually  called  the  second  law'  of  thermodynamics . It  is  often  asserted  that 
the  various  statements  of  the  second  law  are  equivalent  although  proofs  of 
these  are  far  from  convincing  and  usually  limited  to  special  situations.  For 
example  a form  of  second  law  attributed  to  Kelvin  (I85IJ  is  ; 

(a)  ^ impossible  to  construct  an  engine  which  would  extract  heat 

from  a given  source  and  transform  it  into  mechanical  energy , without  bringing 
about  some  additional  changes  in  the  bodies  taking  part.  A slight  variant  of 
this  statement  which  involves  periodic  cycles  is  due  to  Planck  and  is  known  as 
the  Kelvin-Planck  statement  of  the  second  law. 

Another  form  of  the  second  law  is: 

(B)  I^  ^ impossible  completely  to  reverse  a process  in  which  energy  is 
transformed  into  heat  by  friction. 

There  are  other  statements  of  similar  character  such  as  that  due  to 
Carath^odory . A somewhat  different  idea  seems  to  be  involved  in  the  form  of 
second  law'  attributed  to  Clausius  (I85O): 

(C)  Heat  cannot  pass  spontaneous ly  from  £ body  of  lower  temperature  to 
a bO'iy  of  hielier  temp’-rat  ;re. 


'I'he  various  versions  of  th'.’:  second  law  nr(>  recalled  heiu  as  statement:'  , 
(B)  and  (C).  These  or  variatits  thereof  can  be  found  ii.  standard  nooks  on 
hemodynamics , e.g.  . . ■■‘mi  ;t.  (19^*9)?  Zemansky  (1968),  Pippard  (19'O'0  atii 
'.or  Haar  an  I Kergeland  ‘ > ‘v  ■ . 
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A statement  such  as  (c)  docs  not  necessarily  involve  the  concept  of  meclianical 
work  since  it  could  he  applied  to  rigid  heat  conducting  solids  but  many  books 
contain  "proofs"  that  (C)  is  equivalent  to  (a)  or  (b). 

Although  the  first  two  of  the  above  statement  convey  the  idea  that  some 
restrictions  must  be  placed  on  the  interchangeability  of  energy  due  to  heat  and 
mechanical  work,  they  are  not  precise.  Attempts  to  make  this  notion  precise  in 
the  context  of  single  phase  continuum  mechanics  have  led  to  controversy,  although 
there  is  a meas'ore  of  agreement  about  many  of  the  results  which  emerge  from  the 
restrictions.  Most  trouble  seems  to  center  on  the  concept  of  entropy,  even 
though  none  of  the  above  statements  appear  to  involve  entropy.  In  recent  years 
it  has  become  customary  for  some  workers  in  continuum  mechanics  to  postulate  the 
existence  of  a scalar  function  called  entropy  and  an  entropy  inequality  called 
the  Claus ius-Duhem  inequality.  VJith  the  help  of  this  inequality  restrictions 
are  placed  on  constitutive  equations,  and  some  of  these  restrictions  do  seem 
to  embody  concepts  contained  in  statements  such  as  (a),  (B)  or  (C).  However, 
at  the  outset,  it  is  not  at  all  clear  how  the  ideas  contained  in  (A),  (b)  or 
(C)  have  been  translated  into  the  Claus ius-Duhem  inequality.  Some  writers  have 
raised  objections  to  this  inequality  for  other  reasons  but  it  is  not  our  purpose 
to  discuss  these  objections  here. 

In  the  present  section,  we  reconsider  a mathematical  interpretation  of  some 
form  of  second  law  of  thermodynamics  for  single  phase  continue  and  adopt  a state- 
ment of  this  law  which  is  similar  to  that  of  the  statement  (B)  above.  First  we 
ODServe  tnat  tne  expression  when  evaluated  for  a given  process,  may  be 

either  positive  or  negative  depending  on  whether  the  external  wcrk  is  supplied  to 
or  withdrawn  Ir^m  i-*.  j.nis  CAoi-inaj.  is  also  represented  by  in  terms 

of  both  thermal  and  mechanical  variables  b\it  not  every  term  in  (,'5.2’'^  need 
necessarily  be  positive  (zero  or  negative),  even  though  the  external  work  may  be 
positive  (zero  or  negative).  Thus,  with  reference  to  a dissipative  material. 


LI. 


we  assume  that  in  every  achnissible  process  a part  of  external  work  i 


converted  into  heat  which  cannot  be  withdrawn  froi 


mechanical  work  and  is 


therefore  nonnegative.  This  means  that  the  external  work  can  be  exprei 


t.he  sum  of  two  parts,  one  of  which  is  nonnegative  and  the  other,  depending  on 


the  process,  could  be  positive,  zero  or  negative.  Hence,  we  write 


The  above  also  implies  that 


and  U)  is  bounded  below,  the  bound  depending  on  the  process 


In  order  to  identify  the  two  parts  and  It^,  we  note  from  (3.5),  (3.6)  and 
(3.4)  that  in  the  case  of  an  elastic  material  w = 0 in  (3-2)  and  the  expression 
for  the  external  work  supplied  to  P reduces  to  (3-9) • We  now  regard  an  elastic 


material  as  being  nondissipative  in  the  sense  that  no  restriction  is  placed  on  the 


external  mechanical  work  (3-9)  supplied  to  P and  identify  with  the  right-hand 
side  of  (3.2)  after  setting  w = 0.  Keeping  this  in  mind,  we  rewrite  the  last 


inequality  as 


and  assume  that  (4.1)  holds  for  every  thermo-mechanical  process.  The  combina 
tion  of  (3-2)  and  the  ass\amption  (4.l)  yields 


Since  t ,t  are  arbitrary  and 


for  each  part  P of  R and  for  all  times  t, ,t, 


pw  has  already  been  assumed  to  be  continuous,  it  follows  that 


for  all  arbitrary  P.  Hence 


for  all  thermo-mechanical  processes.  Alsu,  from  (3-3)  (4.4),  wo  have 


4- 


p0T|'  dv  dt 


(4.5) 


u s 


so  that  the  external  heat  supplied  to  a part  P of  the  body  is  bounded  above  in 
every  process.  Alternatively,  some  of  the  heat  supplied  to  the  body  in  every 
process  is  always  nonpositive.  This  form  of  the  law  is  related  to  the  statement 
(a)  above.  It  should  also  be  noted  that  the  inequality  (4.4)  is  not  the  same  as 
the  Clausius-Planck  inequality.  However,  in  the  special  case  for  which  are 
independent  of  the  set  of  variables  (S'l)^  so  t'nat  = Tl=Tl',  e = e',  then 
(4.4)  does  reduce  to  the  inequality  known  as  the  Clausius-Planck;  see,  in  this 
connection.  Day  (1972,  p.  49). 

The  right-hand  side  of  the  inequality  (4.1)  can  be  expressed  in  terms  of  ' 
defined  by  (3>4)2-  We  consider  a special  case  of  this  inequality  appropriate  for 
a closed  cycle  of  isothermal  process  in  which  0 is  constant  and  the  velocity  v 
assumes  the  same  value,  respectively,  at  the  beginning  and  end  of  the  process.  Then! 


* P P P 

0 [ pb  . V dv  + t . V da]dt  £ 'dv 

V ~ ~ dp  ~ ~ p 


(4.6) 


A result  similar  to  (4.6)  follows  from  (4.1)  for  processes  which  take  place  at 
constant  values  of  Tj'  and  spatially  homogeneous  0 with  the  veJocity  v assuming 
the  same  value,  respectively,  at  the  beginning  and  end  of  the  process,  provided 
\(( ' in  (4.6)  is  replaced  by  e'. 

We  now  turn  to  one  other  consequence  of  the  inequality  (4.4).  Suppose  H(t) 
is  the  total  rate  at  which  external  heat  is  supplied  to  a part  p.  Then,  from 
(3.3)  and  (4.33)  we  have 


M(t)  = H(t)  S e(t)  - £'(t)  + [ p0T|'dv  , (4.7) 

' P 

where  the  expression  for  Jl(t)  is  given  b^'  (2.33)  but  with  t^  replaced  with  t and  where 

£(t)  = [ pe  dv  , £'(t)  = r pe ' dv  . (4.8) 

'’p  V 

^It  may  be  noted  that  a work  inequality  of  the  type  employed  recently  by  Kaghdi 
and  Trapp  (l975a)  in  the  context  of  the  pi.u'ely  mechanical  theory  is,  in  general, 
a separate  statement  from  (4.6).  The  former  work  inequality  was  stated  in  the 
reference  state  and  for  processes  which  are  closed  spatially  homogeneous  cycles 
of  deformation. 


13. 


When  the  temperature  is  spatially  homogeneous  so  that  0=e(t),  it  follows  from 


(4.7)  that  in  the  time  interval  (since  3=0(t)>O) 


j ^[H(t)  -e(t)  +e'(t)}  ^ ^ s'(t2)  -S'(t^)  , 

t. 


(4.9) 


where 


(4.10) 


S ' = I p T)  dv 

iMoreover,  in  any  closed  cycle  during  the  closed  interval  which  S' 

has  the  same  value  at  t = t^  and  t = t2,  (4.9)  becomes 

J ^[H(t)  - £(t)  +£'(t)}  S 0 . (4.11) 

^1 

For  all  continua  in  which  e does  not  depend  explicitly  on  the  set  of  variables 
(S*!)^?  e=e'  and£=£'  by  (4.8).  Then,  (4.11)  reduces  to 


‘^2  lilt 
^ e(t 


dt  s 0 


(4.12) 


The  inequality  (4.12),  derived  here  only  for  spatially  homogeneous  temperature 
fields,  is  often  called  the  Clausius  inequality.  It  may  be  noted  also  that  when 
the  material  response  is  such  that  £=£',  then  (4.9)  reduces  to  a statement  of  the 
Clausius -Planck  inequality  for  spatially  homogeneous  temperature  fields. 
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5 . Restrictions  on  heat  conduction  vector  and  internal  enerf^.V. 


So  far  we  have  discussed  the  second  law  of  thermodynamics  from  the  point 
of  view  of  interchangeability  of  heat  and  mechanical  work..  This  has  not 
yielded  any  restriction  on  the  form  of  the  heat  conduction  vector,  as  can  be 
seen  by  the  special  example  of  an  elastic  solid  in  §3*  Here  we  return  to  the 
statement  (c)  in  §4  and  consider  only  the  heat  fl\uc  response  in  equilibrium 
cases  for  which  heat  flow  is  steady.  By  equilibrium  we  mean  that 

v=0  , F=0  , 9=0  for  all  t , (5-1) 

where  F and  0,  as  well  as  all  other  relevant  functions,  are  independent  of  t 
(but  may  depend  on  x).  Then,  it  follows  from  (2.6)  and  (2.8)  that 

p|9=-p-g  , p(s+5)  = div  p , (5.2) 

or 

pr  = ps0  = div(p0)  = div  q . (5*3) 

For  the  equilibrium  cases  under  discussion,  we  adopt  the  classical  heat  conduc- 
tion inequality 

- q.  • g 5 0 (5.4) 

for  all  time-independent  temperature  fields.  We  recall  that  when  q is  parallel 
to  the  temperature  gradient  g,  (5-4)  implies  that  heat  flows  in  the  direction 
of  decreasing  temperature.  In  order  to  relate  (5-4)  more  generally  to  the 
statement  (C)  in  §4  we  suppose  that  the  external  supply  of  heat  is  zero  so 
that  the  right-hand  side  of  (5-3)  vanishes  also,  i.e.. 
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Further,  let  a part  of  the  boundary  SSI  be  maintained  at  constant  tempera- 
ture and  a part  SSlg  of  SR  be  maintained  at  constant  temperature  0^,  and  that 
no  flow  of  heat  take  place  across  the  rest  of  the  boundary  SR  - Ssl^^  - SR^- 
Summarizing  these  we  have 


0=9^  on  SR^  , e = 02  on  SRg  , 


q • n = 0 on  SR  - SR-,  - SS^o 


By  (5.5)p  and  ($.4)-^,  we  have 


f q-nda+f  q’nda  = 0 


if  we  assuiae  that  heat  flows  into  the  body  across  SR^^  and  out  of  the  body 
across  SR2>  then 


q • n da  S 0 


Also,  we  need  the  result 

(•  f p 

( 0-,  -6o ) ' q • n da  = - i 0q  • n da  = - ; q • g dv  , (t 

^ 2 *'SR2 -BR "r  ~ ~ 

the  truth  of  which  can  be  verified  with  the  help  of  (5.5)>  (5-o)  and  (S>.7). 

Since  (5.4)  is  assumed  to  hold  for  all  time- independent  temperatiu'c  fi'  Ms 

it  follows  from  (5.4),  (5.8)  and  (5.9)  that 


9,  g 02  , 


.c.,  according  to  (5-9)  and  (5.10),  i.eat  flows  from  t),e  niglnr  to  t h- ■ ; w ; 
u.ipera t uT-i'  in  the  bi  ly.  V/e  observe  tliut  t.lie  result  (5. 10)  wo'ilu  si  ill  foili.w 


if  we  replace  (5-^)  i^y 


q • g dv  = 0 


for  all  time- independent  temperature  fields. 


The  condition  (5-^)  or  (5.11/ » which  hold  in  equilibri'jm  cases,  will  be 
utilized  in  the  rest  of  the  paper  to  impose  restrictions  on  the  constitutive 
equation  for  the  heat  flux  vector.  For  many  materials  of  interest,  the  thermo- 
mechanical  response  of  the  medium  is  characterized  in  terms  of  certain  kine- 
matic and  thermal  variables  (such  as  F and  0)  and  their  gradients  but  not  their 
rates.  In  such  cases,  once  the  heat  flux  response  function  has  been  restricted 
by  either  (5.^)  or  (5.U)j  the  resulting  conditions  remain  valid  for  all  values 
of  kinematic  and  thermal  variables  and  not  just  the  time-independent  ones.  For 
example,  with  reference  to  the  elastic  material  discussed  in  §3,  the  constitu- 
tive equation  for  the  heat  conduction  vector  has  the  form 


q = q(F,e,g)  , 


and  by  (5.^)  the  response  function  ^ is  restricted  by 


q(F,0,g)  • g S 0 


for  all  arbitrary  time -independent  values  of  its  arguments.  It  follows  that 
the  condition  (5.13)  must  hold  even  if  F,0,g  are  functions  of  both  X and  t. 

Finally  we  suppose  that  the  continuum  is  at  rest  with  v = 0 for  all  time 
and  with  the  deformation  gradient  F everywhere  constant  for  all  time.  Then,  D = 0 
everywhere  and  it  follows  from  (2.1)^^  that  p is  independent  of  t.  In  addition,  we 
restrict  the  temperature  field  to  be  spatially  homogeneous  so  that  0=0(t). 

Keeping  these  in  mind,  from  combination  of  (2.6)  and  (2.8)  we  have 


pr  - div  q = pe 


(5.14) 
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r 


1 


i;ince  v = 0 everywhere  uo  mechanical  work  ic  supplied  to  the  body.  Then,  usin^i 
(5*14),  ttie  heat  supplied  to  a part  P of  the  body  during  the  time  interval 


t^StStg  is 


H = r r pr  dv  - r q • n da]dt 
■^t,  •'dp  ~ ~ 


It. 


oe  dv 


(5.15) 


how  suppose  that  the  body  has  been  in  a state  of  thermal  equilibrium  during 
some  period  up  to  the  time  t^  with  constant  internal  energy'  and  constant 
temperat\rre  9^^.  Then,  recalling  again  the  statement  (C)  in  §4,  we  assume  that 
whenever  heat  is  supplied  to  a part  P according  to  (5.15 )j  the  temperature 
9(t)  throughout  the  part  will  be  increased,  i.e., 

tp 

[9]+  >0  whenever  > 0 . (5.16) 

^1 

Assuming  now  that  pe  is  continuous  and  remembering  that  p is  positive  and  indepen- 
dent of  t and  P is  arbitrary,  it  follows  from  (5 .15)  and  (5.I6)  that 


6. 


6.  A comparison  with  the  Claus iuc-D\ihem  inequality. 

In  this  section,  we  consider  the  Claus ius-Duh an  inequality  and  also  by 
means  of  two  specific  examples  examine  the  consequences  of  this 
inequality  and  contrast  these  with  the  tjipe  of  restrictions  which  result  from 
the  present  thermodynamical  restrictions  proposed  in  §§4,5.  Both  examples 
demonstrate  the  shortcomings  of  the  Claus ius-Duh em  inequality  in  certain  dis- 
sipative media.  In  fact,  one  of  the  examples  when  studied  with  the  use  of  the 
Claus ius-Duhem  inequality  leads  to  results  that  imply  the  possiblity  of  a 
perpetual  motion  of  the  second  kind,  while  the  restrictions  which  emerge  from 
the  inequality  proposed  here  deny  such  a perpetual  motion. 

l\e  recall  that  much  of  the  development  in  continuum  thermoraechanics  in 
recent  years  has  been  based  on  the  conservation  equations  for  mass,  momentum, 
moment  of  momentum  and  energy,  where  the  field  equation  corresponding  to  (2.7) 
is  not  an  identity  for  all  thermo-mechanical  processes.  Restrictions  on 
constitutive  equations  are  then  obtained  with  the  help  of  the  Claus ius-Duhem 


inequality,  namely 

« Jp  Ip  f * Jjp  M ® ° ’ « 

where  the  temperature  9 (>0)  and  entropy  T]  appear  for  the  first  time.  If  we 
identify  9 and  T)  in  (6.1)  with  the  corresponding  quantities  defined  in  §2,  then 
under  suitable  continuity  assumptions  the  inequality  (6.1)  yields 

P9?  = - p(i  + T19)  + T • D - p . g S 0 (^ 

for  all  thc-rmc-mechanical  processes. 

rhe  above  inequality  should  be  contrasted  with  the  inequality  (4.4).  For 

materials  whose  thermo-mechanical  response  is  such  that  i(j,Tl  are  independent  of 

the  set  of  variables  (3*l)^j  the  Helmholtz  free  energy  and  the  entropy  reduce 

to*  'ti  = \ir ' , 11=11';  and  then,  after  recalling  the  expression  for  w in  (3-4),  the 

*It  may  be  noted  that  the  cases  in  which  \|(=  iji',  1=’^/  include  a fairly  large 
class  of  materials  of  interest. 
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1 

» 

I 

' Clausius -Duhfrm  inequnlity  becomes 

p9|  = pw  - p . g S 0 . (6.3) 

if  -It,?;,!,  and  hence  w,  do  not  depend  explicitly  on  the  temperature  gradient  g 

•ind  its  history,  then  it  readily  follows  from  (6.3)  that  pw' « 0 which  is  the  same 

as  our  inequality  (4.4).  Further,  if  it  were  true  that  p • gSO  (and  hence  q • ggO) 

for  all  thermo-mechanical  processes,  then  (6.3)  again  yields  pw  = 0.  However,  the 

Clausius -Duhem  inequality  itself  denies  this  pussibility:  fur  equiaibrium  px'ucesses 

w = 0 by  (3.4)^  and  (6.3)  then  implies  that  p-gSO.  Apart  from  these  observations, 

I it  is  clear  that  provided  p • g<0,  the  Clausius -Duhem  inequality  (6.3)  could  allow 

i 

j pw  to  be  negative  for  some  materials  undergoing  particiilar  admissible  processes. 

But  a result  of  this  kind  does  not,  in  turn,  rule  out  the  possibility  of  a response 
in  a dissipative  material  which  permits  a perpetual  motion  of  the  second  kind. 

Indeed,  we  construct  below  an  example  and  demonstrate  the  existence  of  a therrao- 
j mechanical  process  which,  when  subjected  to  restrictions  demanded  by  the  Clausius- 

! Duhem  inequality,  gives  rise  to  a cyclic  motion  for  a dissipative  material  in 

j which  heat  is  continually  supplied  to  the  whole  body  and  continually  withdrawn 

as  work  so  that  the  efficiency  of  the  process  over  each  cycle  is  unityt  We 
also  discuss  a second  example  of  a different  type  and  demonstrate  still  other 
differences  which  emerge  when  the  Clausius -Duhem  inequality  (6.3)  is  employed 
instead  of  the  inequality  (4.4)  of  the  present  paper. 

’ I 

’ i Let  us  suppose  that  the  set  of  variables  [T, ^ ,p]  are  functions  of  the 

- 'J 

“ J set  [0,p,g,L},  where  L is  the  velocity  gradient.  Then,  either  by  the  method  of 

the  present  paper  or  by  the  use  of  the  Clausius -Duhem  inequality,  it  can  be  shown  , • 

that  are,  in  fact,  independent  of  L,g  and  reduce  to  functions  of  p,9  only;  [ 

they  also  coincide  with  fSllSeS  respectively.  Moreover,  invariance  under  super-  • ■ 

i 

ros'.i  rigid  body  motions  demands  that  the  stress  tensor  T and  the  heat  conduction  ; 

' t ~ ! 

A similar  cyclic  miCtion  was  examined  for  a different  p^irpose  pr  viously  ^"'.re'n  'j 

■ i.d  -hdi  1971',  where  it  v;as , demonstrated  that  Caucliy  elasticity  is  not  admis-  ; 

s.ible  within  the  or  Jinary  framework  of  thermomechanics  with  an  eneray  cqiiation  ' 

of  th,  form  (2.?).  i 
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vector  q be  isotropic  functions  of  p,9,D,g.  From  this  class  of  viscous  matt-rials, 
we  choose  a particular  set  of  constitutive  equations  in  the  discussion  of  our 
first  example. 

Ibcample  1 . Consider  an  incompressible  viscous  fluid  characrericcd  by  the 
following  constitutive  equations: 

i)i'  = ill  = c(e-  9 log  0)  , Tl'  = 11  = c log  9 , e'  = e = c0  , 

T=-pI+T  , T,  = C/D-;'  ) , (6.4) 

q = - j 

vrhere  Cjpjajajr-Cjp  are  constants  and  p is  an  arbitrary  function  of  x and  t.  The 
Clausius -Duhem  inequality  (6.2)  is  satisfied  identically  if 

HSC  , tcsO  , 32a  . (6.5) 


Tne  constant  a is  chosen  so  that  a>0.  Consider  new  the  hcmogenecus  nen- 
isothermal  deformation  specified  by 


exp[B(l-cos  (jut)}  , ^2  ^ ^2  ’ cos  xt)}  , x,  = , 

(6.6) 

0 = 9^  + go:,  (2  + sin  xt)  . 


In  (6.6),  the  coefficients  A,E  are  constants  (but  not  necessarily  positive,, 

5 and  jD  are  positive  constants  and  the  value  of  9 is  taken  to  be  large  enough 
c c 

so  that  9 is  always  positive.  The  corresponding  velocity,  temperature  gradient 
and  rate  of  deformation  tensor  at  time  t are 


, g = Ae, (2  + sin 


(6.7) 


D - 3 e,  - e,^Se,^}sin  xt  , tr  D = 0 


The  motion  (6.6),  end  the  IcmperatvU'e  distribution  (6.6)1  are  very 

-i-  ,3 

sooth.  They  have  continuous  derivatives  of  all  erdtrs  with  resr  ;ct  >h  and  t. 
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.'•'.or .-over , (6.6)  and  all  thfii-  derivaaives  rct'ai-n  to  th^-ir  eaine  vaaucc  al't^j;  each 
intc-rval  of  time  2n/au,  as  do  all  the  functions  in  (6.7)  and  (6.h).  Lot  th'  body 
occupy  a region  in  its  reference  configuration  at  time  t = 0 and  let  h(t)  be 
the  aotal  rate  at  which  external  heat  is  supplied  to  the  whole  body  at  •. ime  t. 
then,  with  the  help  of  (3.3),  (3.4)  and  (6.4)  to  (6.7),  we  have 


pr  dv 


;o0r,'-T  . D)dV 


_2  2p  2,„  ^ ^ ^2  . T . 2 , 

MB  ju  La---  ,2  + sin  'jut / - 4^jsxn  jut  , 


i 

* where  M is  the  mass  of  tne  body  and  wuere  we  have  cncsci.  the  origin  of  tn_-  X. 

I 1 

axes  to  be  at  the  center  of  mass  of  the  body  in  its  reference  configuration. 
VJe  now  choose  a to  satisfy  the  inequality 


.2 

O/h 


> 4u  s 0 


(6.9) 


so  tivat  the  expression  (6.8)  for  il(t)  is  always  nonnegative  for  all  time. 

The  total  heat  supplied  to  the  whole  body  in  ti:e  time  interval  0 S t = 2-,/x  i- 
then  given  by 

. 9 p ~ p 

U=  ! H(,t)(it  = rrIvIB“uj[4(aA  - + - o.--  ] (6.IO) 

"0 

and  during  this  interval  no  heat  is  emitted.  Moreover,  from  (3-2)  and  (6.4) 
to  (6.7)  see  that  the  total  external  mechanical  werr;  exiract^g  from  tni., 

oody  during  the  same  time  interval  is 


iosirable  to  provide  here  a definition  for  iii.Tp..tual  :r.ation  of  t.iv.  reyc:..:  <ir.,l 
'.-.•ith  particular  refcivnce  to  the  typo  of  rnodiirn  eonoiu-.2-.-d  iu  i-ou.'j.-.pi-.-  1:  ;^iuiucr 

an  incompressible  viscous  fluid,  v/hicii  is  characterized  by  the  set  of  cc;:stitu- 
tive  equations  (6.4).  We  say  a fluid  of  this  kind  (^ives  rise  to  a perpetual 
motion  of  the  second  kind  if  there  are  periodic  notions  and  tenperat'.sre  fields 

period  " such  that  (i)  = >^ (W? t)  =0:  (i;  e (X,C' = e (X,  t!  ; (iii'  t’r.e  rate  of 

supply  of  external  heat  to  the  whole  bedy  and  the  rate  at  which  work  (minus  the  change 
in  kinetic  energy)  is  withdrawn  from  the  whole  body  are  both  positive  at  each  instant 
of  time,  and  consequently  the  total  heat  M supplied  to  the  whole  body  and  the  total 
work  -lu  withdrawn  from  the  whole  body  d-oring  a period  are  both  positive;  and  (iv)  no 
heat  is  emitted  from  the  whole  body  during  the  motion  so  that  the  ratio  -U5/W  = l. 

In  contrast  to  tne  implication  of  the  Clausius -D-uhem  inequality  employed 
in  the  above  discussion,  suppose  we  adopt  the  inequality  (4.4)  of  she  present 
paper.  Then  a SO  and  no  restriction  is  placed  on  the  coefficient  5 which  occ’urs 
in  the  expression  for  q.  It  follows  from  (6.8),  (6.9)  and  (6.IO)  that 


K(t)  50  , K5C  , IssO  , 


(6.12) 


i.e.,  work  is  done  on  the  body  and  is  continually  wi-shdrawn  as  heat.  Cles 
the  use  of  the  inequality  (4.4)  in  the  above  example  does  not  lead  to  a 
perpetual  motion. 

The  second  example  that  we  wish  to  consider  is  of  somewhat  different 
character  and  is  concerned  with  heit  conduction  in  a fixed  homogeneous  isc 
tropic  rigid  solid.  It  is  well  'lO'.own  that  the  classical  the..ry  cf  neat  c.. 
tion  does  not  allow  heat  to  be  propagated  with  a finite  wave  sroed.  Pcr.cn/ 
many  attempts  to  provide  a heat  conduction  theory  in  which  neat  car.  prepa_ 


with  a finite  wave  speed,  we  mentior:  ti:e  on 


suggested  that  9 be  added  to  the  list  cf  independent  varintl-,  s In  ti. 


constitutive  equations.  They  made  use  of  tiie  Claus ius-euhem.  in-.c-.a 
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place  i-ectriction;;  on  the  conj-.titutive  I'esponse  ;\<r.ctior..':  and  alno  r'nov.-cJ  that 
for  :i  tljL-ory  which  Lc  litu.-ai'izcd  about  a const:-;. 7 ■.•cu  L Liar  iu;;.  t- 
heat  not  only  could  not  propagate  wit!i  a fitiite  -wave  speed  n>,t  its  propagation 
was  governed  by  an  elliptic  differential  cquatle-. . h’c  illustrate  this  here 
v/ith  a sirr.ple  cxaniple  and  contrast  the  results  v Icn  those  vfnich  follow  froir, 
oiu-  present  inequality 

i'icanple  2.  The  conduction  of  heat  iii  a fix-cu  homogeneous  isetropic  rigid 
solid  may  be  characterized  by  the  constitutive  equations 


•-ji  =-  C9(l-l0g  e)  , = c l^g  9-a0/9  , 


e = c 9 - a 9 , q = - <0  , 


where  c,a,K  are  constants  and  a^O,  The  Claus ius-Duhem  inequality  (6.2)  is 
then  identically  satisfied  provided 


a > C , a 0 


and  the  energy  or  the  heat  conduction  equation  becomes 


pr  u k;v  0 = P (c0  - a0)  , 


where  V is  the  Laplacian  operator.  Iri  view  of  (6.l4),  the  differential  equa- 
tion (6.15)  ib  elliiitic  and  does  not  allow  heat  to  be  propagated  as  a ’wave. 
Moreover,  suppose  that  the  solid  is  in  thermal  equilibrium  prior  to  the  tim-. 
t^  with  9 = 9^  and  e=c9,.  Then,  if  tieat  is  continually  supplied  to  every  part 
of  the  solid  when  t>t^,  it  follows  from  (5. 15)  and  (0.I3)  that 


c0  - a0  > c0. 


'.'ith  the  h -ln  of  Ui"  positive  integrating  factor  exp'-ct/a',  int-  -ration  of  th. 
ibc'.a  ii  ■.■■qual  ity  1 --tw-  n tlu-  lunits  t.^  ntid  I yields. 
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-a(0-0^)exp(-ct/Q')  >0  or  -o;(0-0^)  > 0 • 


(c.l7) 


But  a>0  by  (6.l4)^  and  the  last  result  implies  that  if  heat  is  continually 
supplied  to  the  solid,  then  its  temperature  decreases  since  0<  0^. 

We  now  turn  to  the  theory  of  the  present  paper,  which  also  admits  constitu- 
tive assumptions  of  the  form  (6.13).  Recalling  the  definitions  for 
given  in  §2,  we  write 

'll ' = 'll  3 Tl'  = c log  0 , e'  = c0  . (6.l8) 

The  inequality  (4.4)  is  satisfied  without  imposing  any  restriction  on  ca  (or  tc) 
and  it  is  easily  seen  from  (5-4)  that  again  KSO.  For  the  present  problem,  with 
the  use  of  (6.13)  the  condition  (5.1?)  states  that 

e(t)  > 0^  whenever  c0-u8  > c0^  (6.19) 

for  t>t^.  Using  the  same  procedure  as  that  which  led  to  (6.1?),  we  now  obtain 
the  result  0>0^  whenever  (6.17)  holds  so  that 

0 > O'  . (6.20) 


This  is  in  direct  contradiction  to  the  inequality  (6.l4)^  demanded  by  the 
Claus ius-Duhem  inequality.  Again,  suppose  that  heat  is  supplied  to  the  solid 
so  that  its  temperature  becomes  0(t) = 0^ + A(t-t^) . Then,  from  (5.17)  and  (6.13) 
we  have 


A > 0 whenever  A[c(t-ti ) - a]  >0  (6.21) 

i 

for  all  t>t,  . In  view  of  (6.20),  the  result  (6.21)  can  only  hold  if  oO.  ; 

, . I 

Furthermore,  since  0>a  and  tcSO,  wave  propagation  with  a finite  wave  speed  is 

% 

possible  and  the  waves  are  damped.  j 

s 

The  above  examples  clearly  demonstrate  that  the  results  obtained  with  the  ‘ 


use  of  the  Claus ius-Duh cm  inequality  can  sometijnes  he  very  different  from  those 
found  by  the  procedure  and  ideas  of  the  present  paper.  In  the  first  example, 
the  Claus iuS'Diihem  Inequality  permits  a perpetual  motion  of  the  second  kind 


in  the  sense  usually  stated  in  books  on  thermodynamics.  In  the  second  example, 
the  Clausius -Duhom  inequality  demands  an  undesirable  restriction  on  the  response 
of  a rigid  heat  conductor  and  thus  denies  the  possibility  of  propagation  of 
heat  as  a wave  with  finite  speed.  Also,  when  the  rigid  conductor  is  subjected 
to  a spatially  homogeneous  temperature  field,  the  inequality  requires  that  when 
heat  is  supplied  to  the  conductor  in  a state  of  thermal  equilibri^um,  the 


temperature  of  the  conductor  must  decrease . 


••I  * 


7. 


Basic  .jump  conditions. 

First  we  recall  here  the  jump  conditions  which  car.  be  derived  from  the 
conservation  laws  for  mass,  linear  momentum  and  moment  of  monentiur..  Consider  a 
surface  of  discontinuity  Z!(t)  in  the  present  config-oratior.  of  the  body  and  let 
the  normal  velocity  of  a typical  point  of  this  surface  be  denoted  by  u.  Then, 
assumdng  that  the  external  body  force  b is  bounded  on  the  s’urface  I,  the  j'ump 
conditionswhich  can  be  derived  from  the  conservation  laws  mentioned  above  are 


II  pw  • V ]]  = 0 , 

H pv(w  • V ' - tl]  = 0 . 

/-w 

In  (7.1),  V is  the  unit  normal  to  ^ chosen  in  a specified  direction. 


(7.1) 


W = V - UV  (7.2) 

and  we  have  used  the  notation  [[fj  = ^2  ' ^1’  ^2  ^1  the  values  of  f on 

either  side  of  Z-  Similarly,  assuming  that  both  the  body  force  b and  the 
external  rate  of  supply  of  heat  r are  bounded  on  I,  the  jump  condition  at  the 
surface  of  discontinuity  Z which  can  be  derived  from  the  conservation  of 
energy  (2.7)  is 


ll(|-pv.v+pe)w.v-t.v  + h]]=0  . (7.3) 

The  above  well-known  j^ump  conditions  (7.1),  „ and  (7.3)  at  a s-orface  of 

1 

discontinuity  are  derived  with  the  use  of  the  transport  theorem.  To  elaborate, 
let  0 be  any  function  per  unit  mass  which  takes  different  values  0^  and  0^  on 
either  side  of  some  surface  of  discontinuity  in  p.  Then  (see  Truesdell  and 
Toupin  i960,  Eq.  (192.U)), 
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..i;ere  the  notations  u and  Li  p;> ]1  have  been  introduced  previously  ir.  (7.I)  and 
(7.2)  and  v/here  a part  of  the  surface  of  discoutin.uiuy  £ is  denoted  Ly  a ( "v) 
bounded  by  a closed  cur-ve  5j. 


V.'e  now  make  use  of  (7.4)  to  obtain  the  Jump  condition  from  th.c  ennropy 
balance  equation  (^.3)>  It  is  convenient  to  consider  a special  reejion  for  p in 
the  form  of  a cylinder  but  one  vdiich  is  still  ariiurary.  Let  (i  = 1,2,3),  ho 
a set  of  convected  coordinates  and  let  the  equation  = 0 represeni.  the  sierface 
of  discontinuity  £ with  position  vector  r = r (x^,x“ ,t) . Then,  a point  x in  the 
neighborhood  of  £ may  be  represented  as 


2 . 3^1  2 , 

,x  ,t;  + X V [x  ,X  ,t  ; 


For  our  present  purpose,  a part  P of  the  body  in  the  present  con- 

figuration  may  be  defined  by  surfaces  x'^  = t a on  each  side  of 

1 2 

£ and  a surface  f(x  ,x  ,t)  = 0 which  envelopes  the  part  a of  £ . 

Let  9P^  refer  to  a part  of  dP  specified  by  the  cylindrical  surface 

12  c . 

f(x  ,x  ,t)  =0  so  that  oP  ria=  9o  and  let  oP  = oP-  bP  = a'  ^ a' , where 

n n n 

o 

u'  and  a"  refer  to  the  surfaces  x = a,  stand  for  the  coirqjlement  of  3p  in 

li 

dP.  Then,  using  (7-4),  application  of  (2.3)  to  the  special  region  -uiidcr 
consideration  leads  to 
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*3 


I 1 [[^  (pT])  - pi;  - p^Jj  da  , ( a T,  v . j:  k;:ix‘^ds 

da  - :^ 


' a**-a 


^ ; (p-qv.n  + /.; 
a 


, da  ' ■’■  ' ( p T|  ■/  • n + k , 

x'^-d  '■^a"  ~ ~ |X'^=-a 


aa 


[[  pTj]]  u da  = 0 , 


■where  da  is  rei  element  cf  area  of  the  surface  c,  ds  ic  the  arcier-rth  cn  f.u- 
baundary  curve  da  v.'hile  da'  and  da'  stand  for  tiie  elec.ents  of  area  of  thu 
surfaces  x'^  = a and  x^  = -oi,  respectively.  Within  the  re;jion  p under  considera 
lion,  v;e  assume  that  s(pT|)/cJt,  k and  the  external  supply  of  entropy  ps  are 
finite  but  tt.at  the  internal  rate  of  production  cf  entropy  p^  ir.ay  beccme 
unbounaed  on  £.  We  ass’ute  that  p^  is  integrable  and  that''' 


f>a 


lira  : p l = p? 
a-*0  -O' 
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where  y is  a bounded  function  of  x ,x  ,t  on  v 


r.eca^xir.t 


:ne  norma 


the  surfaces  x"^  = 1 a as  a-O  become  i v,  then  from  (?.6)  in  the  limit  as  a- 3 
we  obtain 


! [ [[  P 1 • V k 

“a  ~ 


“kjj  - p'jcia  — C 


for  all  arbitrary  a,  where  w is  defined  by  (7.2).  With  the  usuai 
assumptions  on  £,  we  then  octain  from  (7*3)  the  Jump  condition 


uitinuiv. 


[[ 


p T;  v;  • V + k]]  = pi 


It  is  possible  to  demonstrate  the  reason  for  an  assumption  of  thi  form 
(’.?)  for  ' in  the  special  case  of  an  elastic  material.  In  the  absence  of  a 
s'urface  cf  discontinuity  in  9,  it  is  indicated  in  §3  that  o|0  = - p • g for  an 


The  volume  integral  in  (7.6)  contains  both  s and  i,  but  only  ts.e  In'i-r  fiel; 
requires  a constitutive  equation  which  d-'-pends  cr.  t'.-.e  ma'..’-ri:  ] . . ' .I'iv-uior 

for  the  intcgrability  of  * in  tin.-  forir.  (?.?)  is  provided  in  the  la'.tar  p--.rt 
cf  this  section. 


r 


t ‘ 


;..rbitr.'iry  elastic  material.  Suppose  that  the  ter.peratare  distribution  it.Jl  its 
fyadieent  in  5^  are  f^iven  by 


e = (e^-'02)/2  - x-'(9^-02;/^a  , H = - ’ 


(7.10) 


v.'here  9^,  9^  (9^  / e^)  are  constants.  If  now  a-.  , v.'c  have  a sisrfaC'.  01'' 


ci.i;;continuity , say  w'ith  a finite  jwr.p  in  9 across  v but  with  C-  bcccmin'' 
unooundeci  on  this  surface.  However,  since  k (and  'nence  p)  it:  (2.4)  is  asciuned. 
to  remain  finite,  it  can  be  easily  shov/n  that  the-  third  teria  of  th.e  first 
integral  in  (7.6),  namely 


- ('Ot  ^ ,.  ,,a  p • VI  9t  -3o/  .1..3 

j J = J J 

a -O'  a -O' 
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(7.11) 


tends  to  a finite  limit  as  a~>0.  This  result  clearly  supplies  a motivation  for 
the  more  general  assumption  (7. 7).  In  the  case  of  an  elastic  mat -.rial,  an 


additional  observation  can  be  made  regarding  the  limiting  value  ".  The  function 


I in  the  integrand  of  (7-7)  is  always  nennegative,  since  for  an  elastic  material 
p|=-p.g^950  for  any  process.  Hence  the  limiting  value  of  the  integral  in 
(7.7)  must  also  be  nonnegative,  i.e.,  p|  S 0. 

Before  closing  this  appendix,  we  observe  that  since  p which  1-. pends  cr.  g 
has  been  assumed  to  remain  finite  in  the  neighborhood  of  I,  the  conductivity 
tensor  associated  with  p must  tend  to  uero  in  this  neigliborhood. 
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